ABSTRACT This paper focuses on the design of state-dependent switching law with the dwell time restriction for interval positive switching systems. First, we present the design method of the hybrid-type state-and time-driven switching law, which inherits the two aspect advantages of the state-and timedependent ones. Second, by multiple diagonal quadratic Lyapunov functions, we conduct the double designs of controllers and the switching signal, and sufficient conditions for stabilization of systems are proposed by the linear matrix inequalities form. Finally, an example demonstrates the validity of the presented results.
I. INTRODUCTION
A switched system consists of a series of subsystems and a switching law, and this switching law determines the switching among these subsystems [1] , [2] . Due to the theoretical value and practical meaning, switched systems have attracted the attention of many researchers. Many results of switched systems have been reported, stability and finite-time stabilization [3] , [4] , H ∞ controls [5] - [7] , switched delay systems [8] - [12] , stochastic switched systems [13] , [14] , asynchronous switching [15] - [17] , observer design [18] , Markov jump systems [19] - [23] to name just a few. In addition, if the state of a dynamical system always keeps non-negative for any non-negative initial state, this system is termed as a positive system [24] . In the daily life and production, we often encounter many non-negative variables, birth and death rates production rate, density and capacity and so on. The non-negativity is an intrinsically physical nature of those variables. Generally, a positive switched system refers to a switched system of all subsystems being positive systems. In fact, due to positive switched systems owning the double features of switching and non-negativity, they can express a type of systems more accurately, such as traffic congestion model [25] and HIV viral mutation model [26] . In the recent years, positive switched systems become more and more popular, so the research results of them are constantly increasing [27] - [36] .
Because of the interaction of the switching and positivity, the study of positive switched systems are quite complicated and difficult. In the earlier times, the researchers usually employ the common linear co-positive or quadratic diagonal Lyapunov functions method [27] , [28] . Later on, the average dwell time method are widely used for the analysis and control of positive switched systems. Stability and stabilization [29] , [30] , robust finite-time stabilization [31] , estimator design [32] and actuator saturation problem [33] of positive switched systems asynchronous L 1 control [34] and output tracking control [35] of delayed switched positive systems, were investigated. As the research going, the multiple linear co-positive or quadratic diagonal Lyapunov functions method is adopted [36] - [38] . Via the method, the conservation is reduced largely in the conditions. Take the stability as an example, and this method do not require that at least subsystem is stable. Namely, this method is effective even though when all subsystems are unstable. A switching rule is designed via this method, and the stability analysis of autonomous positive switched systems is studied in [25] and [36] . Reference [37] studies saturated stabilization problem of positive switched systems. [38] considers the tracking control problem of positive switched systems, and conducted the double designs of the switching rule and controllers.
By the multiple linear co-positive or quadratic diagonal Lyapunov functions method, the switching law designed is state-dependent, which can not avoid the chatter phenomenon. In fact, under the state-dependent switching law, if the switching among subsystems is always too fast, the chatter phenomenon occurs. As we all know, it takes some time for practical systems to perform switching. Thus, it is especially important that how the sate-dependent switching law guarantees definite time. Inspired by [39] and [40] , we present the state-dependent switching law with dwell time restriction for positive switched systems.
Based on my previous research work [37] , [38] , [41] , this paper design the hybrid switching law, namely, statedependent switching signal with dwell time constraint, via discretized multiple quadratic diagonal Lyapunov functions method for interval positive switched systems. On the other hand, we conduct the double designs of the controller and switching law, and sufficient conditions of the robust stabilization for systems are given in form of LMIs. The main technical difficulty for studying such a complex problem is to how to integrate the state-dependent switching with the timedependent switching perfectly in the positivity premise.
Compared with the existing results, this paper possesses the following characteristics. First, the state-dependent switching law with dwell time restriction for positive switched systems is presented for the first time. This hybrid switching law with state-and time-dependent switching inherits advantages both state-dependent switching and timedriven switching. This switching law has a prominent advantage, namely, it is able to succeed in avoiding the chatter phenomenon. Second, the synchronous design method of the controller and switching law is given. Last, integrated with the feature of interval positive systems, we give the sufficient conditions of robust stabilization of interval positive switched systems.
The remaining paper structure is presented. Section 2 states Problem formulation and preliminaries. Section 3 presents the main results: the state-dependent switching with dwell time restriction and the dual design of the controller and switching law. Section 4 presents an example. Section 5 concludes this paper.
Notation: A 0( 0) denotes that all the elements of A are positive (non-negative). A B indicates A − B 0. If offdiagonal entries of a matrix A are non-negative, this matrix A is called a Metzler matrix. R n is the n-dimensional real vector space. R n + is the set of positive vectors. A T and A −1 mean the transpose and inverse matrix of A, respectively. P > 0(≥ 0) denotes that the matrix P is positive definite (positive semidefinite). If the dimensions of matrices and vectors are not explicitly provided, they are assumed to be compatible. The
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the interval positive switched systeṁ
where x(t) ∈ R n and u(t) ∈ R q represent the state and the control input, respectively. The switching signal is σ (t) :
which is a right continuous piecewise constant function of t, and the number of subsystems is m. The switching signal σ (t) can be characterized by the following switching sequence
in which t 0 is the initial time x 0 is the initial state and N is the set of nonnegative integers. 0. In addition, we suppose that the state of System (1) is continuous, in other word, the state does not jump at each switching instant.
The state feedback controller is of the form
where the gains K i , ∀i ∈ I m are determined later. By the way, the controller will be designed to be time-varying. Next, we will present some relevant definitions and necessary lemmas.
Definition 1 [41] , [42] : The autonomous systeṁ
is called a positive system if for any initial condition x 0 ∈ R n + , the state x(t) ∈ R n + always holds for ∀t ≥ 0. Lemma 1 [41] , [42] : Autonomous System (4) is positive if and only if A is a Metzler matrix.
Lemma 2 [41] , [42] : For System (4), if A is a Metzler matrix, then the following conditions are equivalent. (4) is asymptotically stable for any nonnegative initial condition. Lemma 3 [43] : For two matrices A and B, the matrix B is a Metzler matrix and satisfies B A, then the matrix A is also a Metzler matrix. Furthermore, if the matrix A is Hurwitz, then the matrix B is also Hurwitz.
Definition 2 [29] , [41] : Switched System (1) with u(t) = 0 is said to be a positive system if for any switched signal σ (t) and any initial condition x 0 ∈ R n + , the state x(t) ∈ R n + holds for ∀t ≥ 0.
Lemma 4 [39] : Assume that for some time interval t ∈ [t 0 , t f ], where δ = t f − t 0 , there exist two positive definite matrices P 1 and P 2 of compatible dimensions that satisfy the following:
Then, for the systemẋ(t) = Ax(t), the Lyapunov function V (t) = x T (t)P(t)x(t), with P(t) = P 1 + (P 2 −P 1 )(t−t 0 ) δ , is strictly decreasing over the time interval t ∈ [t 0 , t f ].
In this paper, the control objective is to design the statedependent switching law with the dwell time constraint and the state feedback controller (3) . By the double designs of the switching signal and controller, the closed-loop switched system is positive and asymptotically stable.
III. MAIN RESULTS

A. STATE-DEPENDENT SWITCHING WITH DWELL TIME CONSTRAINT
In this paper, in order to avoid the chatter phenomenon, we design the state-dependent switching law with the dwell time constraint. Assumed that the dwell time is T , and here it is a given positive scalar. The dwell T time T means the activation time of each subsystem is at least. The switching sequence (2) is rewritten simply as = {t 0 , t 1 , . . . , t n , t n+1 , . . .}. Thus, we have t n+1 − t n ≥ T , ∀n = 0, 1, 2, · · · .
For positive switched systems, generally, multiple diagonal quadratic Lyapunov functions V i (t) = x T (t)P i x(t) and multiple linear co-positive Lyapunov functions V i (t) = x T (t)v i , i ∈ I m are constructed. However, in this paper, for convenience, we choose multiple diagonal quadratic Lyapunov functions of the structure
where P i (t) is a time-scheduled positive definite diagonal matrix. Here, the discretized Lyapunov function method is adopted. We divide the interval T into L segments described as N n,q = [t n +qh, t n +qh+h),
for t ∈ N nq , and we have
where 0 ≤ α = t−t n −qh h ≤ 1. In fact, P i (t) is piecewise linear in time.
Thus, the discretized matrix function P i (t), ∀i ∈ I m is written as
Furthermore, the corresponding discretized Lyapunov function for the i-th subsystem
Remark 1: Based on Lemma 2, for the proof the stability of positive systems, adopting the diagonal quadratic Lyapunov functions and the linear co-positive Lyapunov functions are equivalent. In this paper, because the designed controller is time-variant, for convenience, we choose the diagonal quadratic Lyapunov functions. If adopting the linear co-positive Lyapunov functions, this design method of the state-dependent switching law with dwell time restriction is also feasible.
Without loss of generality, assumed that for the switching instant t = t n , the i-th subsystem is active, namely, σ (t n ) = i.
Theorem 1: Consider System (1) under the controller (3). For a given scalar L ≥ 1 and scalars β i,r > 0, if there exist a set of diagonal matrices, P i,q > 0, q = 0, 1, · · · , L − 1, ∀i ∈ I m , such that the inequalities (9) where r ∈ I i = {1, · · · , i − 1, i + 1, · · · , m}, hold on. Then, for the next switching at t = t n+1 , the following switching law is as follows:
For t n ≤ t < t n + T ,
Thus, the switching law (10) stabilizes asymptotically System (1) Choose the time-variant multiple diagonal quadratic Lyapunov functions (6) . For the time t ∈ [t n + T , t n+1 ), the Lyapunov function is V i (t) = x T (t)P i,L x(t), which is time-invariant.
Differentiating V i (t) along System (1), we havė
By means of inequality (9), we havė
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always holds on. Thus, we getV i (t) < 0.
Based on the inequalities (7)- (8) and Lemma 4, the Lyapunov function is strictly decreasing over the time interval t ∈ N n,q ,
At the switching instant, based on the switching law (10), we know that the Lyapunov function is non-increasing.
Therefore, the switching law (10) is able to stabilize asymptotically System (1).
This proof is completed.
B. DUAL DESIGN OF THE CONTROLLER AND SWITCHING LAW
In this section, we will conduct the dual design of the sate feedback controller and the state-dependent switching law with a constraint of dwell time T . Without loss of generality, we still assume that σ (t n ) = i. Theorem 2: Consider System (1) with the controller (3). For a given scalar L ≥ 1 and a set of scalars β i,r > 0,
hold on. Then, under the following switching law (10) and the controller (3), System (1) is a positive system and is asymptotically stable. 
Proof: According to the method of the literature [28] and [29] , the inequalities (11) and (12) are equivalent to the following inequalities
By Schur Complement Lemma, the inequalities (13) are transformed into
Like the time-varying matrix P i (t), X i (t) and Y i (t) are given by
.
Pre-and post-multiply the inequalities (15) and (16) i,q+1 , respectively.
i,q+1 , then we get the inequalities (7) and (8) Similarly, using the same method as the proof of Theorem 1, we can complete this proof of Theorem 2. Here, it is omitted.
Remark 2: For positive switched systems, the hybrid stateand time-dependent switching law is designed for the first VOLUME 6, 2018 time. Compared with the switching law of [36] , the switching law of this paper has two advantages. On one hand, this switching law is able to avoid the chatter phenomenon, namely, frequent switching. On the other hand, it requires much weaker conditions. More specially, this switching law is also applicable to the case that even when all subsystem are unstable.
Remark 3: The choose of a prescribed integer L ≥ 1 depends on the allowed computational power. A larger L can guarantee less conservative conditions while this requires higher computational power. Thus it leads to higher economic cost. On the contrary, a smaller L can reduce the computational amount and economic cost while the corresponding conditions are more conservative. In this paper, T is fixed and predefined. The more discussion of T are given by the literature [39] , [40] .
IV. EXAMPLE
This section provides an example to show the feasibility and validity of the presented results.
Consider the System (1) with σ (t) = {1, 2} and the detailed data are as follows: 
By calculation, the eigenvalues of A 1 and A 2 are respectively λ 1 = −4.000, λ 2 = 0.100 and λ 1 = 0.0501, λ 2 = −2.001.
Obviously, they are unstable. Thus, the two subsystems System (1) are unstable.
In the Theorem 2, for convenience, we choose L = 1. Let β 12 = 1, β 21 = 2 and the dwell time T = 0.2. Based on the Theorem 2, we calculate and obtain that In simulation, without loss of generality, we choose the system matrices for System (1) T , then Fig.1 and Fig.2 show the state response and the switching signal, respectively.
V. CONCLUSIONS
In the paper, a new switching law for interval positive switched systems is presented, which is both state-dependent and time-dependent and inherits two aspect advantages. The double designs of the switching rule and controllers are conducted and sufficient conditions for the stability of systems are presented. In future, we will investigate other control problems of positive switched systems via the new switching law, for instance, tracking control.
